Abstract. We present a new characterization of the Grothendieck polynomial and its dual by using the Boson-Fermion correspondence. As an application, we give a new alternative proof of some fundamental theorems about the Grothendieck polynomials such as determinantal formulas and Pieri type formulas.
Introduction
Grothendieck polynomials [12, 13] are a symmetric polynomial which represents the class of a Schubert variety in the K-theory of the flag variety. In this sense, the Grothendieck polynomial can be viewed as a K-theoretic analog of the Schubert polynomial. (Therefore, the Grothendieck polynomial is also viewed as a generalization of the Schur polynomial.)
Let λ = (λ 1 ≥ · · · ≥ λ ℓ ) be the partition. Same as Schur polynomials, there exist various determinantal formulas which expresses the (β-) Grothendieck polynomial 1 G λ (x 1 , . . . , x n ) (ℓ ≤ n) explicitly. For example, it is expressed as a ratio of skewsymmetric polynomials [5, 10, 18] : (1) G λ (x 1 , . . . , x n ) = det x λj +n−j i
(1 + βx i )
, where β is a parameter. There also exists an identity of the Jacobi-Trudi type [10, 14] :
(2) G λ (x 1 , . . . , x n ) = det
, where h i (x 1 , . . . , x n ) is the i-th complete symmetric polynomial.
In this paper, we present a new characterization of G λ (x 1 , . . . , x n ) in terms of the Boson-Fermion correspondence (see, for example, [8, 9] ), that is a powerful algebraic tool in various fields in mathematics such as symmetric polynomial theory, mathematical physics, integrable systems, etc. Our goal is to give a free-fermionic presentation of Grothendieck polynomials (Theorem 3.6). This can be seen as an extension of the established theory of neutral fermions and Schur polynomials to "K-theoretic things."
Date: May 21, 2019. 1 The polynomial G λ (x 1 , . . . , xn) is usually called the β-Grothendieck polynomial, a generalization of the ordinal Grothendieck polynomial, that is first introduced by Fomin-Kirillov [2] . The β-Grothendieck polynomial reduces to the Schur polynomial when β = 0, and to the ordinal Grothendieck polynomial when β = −1. To simplify the notations, we will drop the term "β-" throughout the paper.
One of the merits of our free-fermionic presentation is its simplicity. For example, we can give a simpler alternative proof for the following facts such as:
(1). The determinantal formula for dual stable Grothendieck polynomials, (2) . Another determinantal formula for Grothendieck polynomials, (3). Pieri type formula for Grothendieck/dual stable Grothendieck polynomials. (1) is originally proved by [11, 17] . (2) is a special case of results by [4] . Though there are many possibilities for the "Pieri type formula," our (3) is a special case of the results given by [18] .
It is worth mentioning about the relation with integrable systems. Recently, some authors have been studying about connections of K-theoretic symmetric polynomials and integrable systems. In [15, 16] , Motegi-Sakai has related the Grothendieck polynomials (and generalizations) with a "wave function," that is a key object in the theory of the inverse scattering method. In their work, Grothendieck polynomials are characterized in terms of integrable lattice models. Nagai and the author of the paper [7] have found a natural relation between dual stable Grothendieck polynomials and tau functions for the relativistic Toda equation.
It is natural to ask if there exists a similar characterization for flag varieties of other types. The author of the paper [6] has studied on the characterization of K-theoretic Schur Q-functions in terms of neutral fermions.
1.1. Organization of the paper. In Section 2, we give a brief review on the theory of free fermions and the Boson-Fermion correspondence. The key operators e Θ and e θ are introduced in §2.4. Some easy lemmas about these operators and free fermions are also introduced there. In Section 3, we introduce the symmetric function G r λ (x), which is "sufficiently near" to the Grothendieck polynomial G λ (x 1 , . . . , x r ) (see Proposition 3.1). We also discuss about the "stable limit" of the sequence G 1 λ (x), G 2 λ (x), . . . . Since the sequence is not stable, the limit " lim n→∞ G λ (x 1 , . . . , x n )" fails to be contained in the ring of symmetric functions Λ.
However, one can define the limit in a larger ring Λ ⊃ Λ, that is a limit of some inverse system. We check that the limit lim r→∞ G r λ (x) is expressed as a vacuum expectation value of fermions. The proof of another determinantal formula are also given in §3.5. In Section 4, we discuss about the dual stable Grothendieck polynomials. We define a symmetric polynomial g λ (x) by using a fermionic presentation and prove that polynomial coincides with a dual stable Grothendieck polynomial. The proof depends on Wick's theorem (Theorem 2.1). As an application of the fermionic presentation, we derive a determinantal formula for the dual stable Grothendieck polynomials.
Sections 5 and 6 contain applications of our results. We derive Pieri type formulas for Grothendieck/dual stable Grothendieck polynomials. Our proof is based on the theory of non-commutative Schur polynomials [1] .
Free fermions
2.1. Preliminaries. Let ψ n , ψ * n (n ∈ Z) be the free fermions which satisfy the anti-commutative relations [ψ m , ψ n ] + = [ψ Let k be a field. (We will put k = C(β) in the sequel.) The Fock space (over k) is the k-space F which is generated by the vectors of the form
We also consider the k-space F * which is generated by the vectors
. For an integer m, we define the shifted vacuum vectors |m ∈ F and m| ∈ F * by |m
and
The vacuum expectation value is the k-bilinear map
which is uniquely determined by 0|0 = 1 and ( w|φ n )|v = w|(φ n |v ). For any expression X, we write w|X|v := ( w|X)|v = w|(|X|v ). The expectation value 0|X|0 is often abbreviated as X .
2.2.
Wick's theorem. In most cases, the vacuum expectation values are calculated from the following Wick's theorem.
For formal independent variables x 1 , x 2 , . . . , we define the formal series H(x) = H(x 1 , x 2 , . . . ) by
2 The normal ordering : ψ k ψ * k+m : is defined as :
Then we have the commutative relation
where h i (x) (i ∈ Z ≥0 ) is the i-th complete symmetric function.
where s λ (x) is the Schur function.
2.4.
Operators e Θ and e θ . Let ψ(z) and ψ * (z) be the generating function
We define the operators
Note that [a n , ψ(z)] = z n ψ(z) and [a n , ψ
Here we give a list of lemmas which are useful in the following sections.
Lemma 2.7. For m ∈ Z and s ≥ 1, we have
Proof. We prove it by induction on s. When s = 1, we have
Then the following equation holds:
where n j = max[n j , n j+1 , . . . , n r ], |n| = r j=1 n j , and |n| = r j=1 n j .
Similarly, we have:
Lemma 2.9. For m ∈ Z, it follows that
where
It can be rewritten as
. . , x n , 0, 0, . . . ). Proof. We introduce the generating function
Comparing the coefficients of z
on the both sides, we obtain
We are interested in the limit " lim
S∞ (k = C(β)), the k-algebra of symmetric polynomials. However, it is proved that it converses in some completed ring Λ.
3.2.
The completed ring Λ. Here we give a brief review about the ring Λ. Let M n (n ≥ 1) be the k-submodule of Λ which is defined by
As M n ⊃ M n+1 , we have the inverse system
(Λ/M n ) be the inverse limit. There exists a natural inclusion Λ ֒→ Λ. The k-module Λ can be equipped with the k-linear topology where {M n } n=1,2,... is a basis of the open neighborhood of 0. Then Λ can be regarded as the completed topological space of Λ with respect to this topology. We note the relation
Moreover, Λ is proved to be indeed a topological k-algebra, where the addition and the multiplication are continuous.
It is known that there exists an unique element G λ (x) ∈ Λ which satisfies
for any n. The symmetric function G λ (x) is called the stable Grothendieck polynomial. Proposition 3.1 is rewritten as
for any ℓ(λ) ≤ n ≤ r.
3.3.
Remark on the topology of Λ. We will often interested in symmetric functions of the form 0|e H(x) ψ m1 . . . ψ mr e sΘ | − r where r, s ≥ 0 and m 1 , . . . , m r > −r. Generally, this is not contained in Λ but in Λ. If fact, if r = 0 and s = 1, we have 0|e
Proof. Let X −r :=
. Since e sΘ ψ −r−1 = (ψ −r−1 + X −r )e sΘ , we have 0|e H(x1,...,xn) ψ m1 . . . ψ mr e sΘ | − r
= 0|e H(x1,...,xn) ψ m1 . . . ψ mr | − r is 0 if r + t > n, the sum (7) is in fact a polynomial.
From Lemma 3.2, f (x 1 , . . . , x n ) determines a unique element of Λ/M n+1 . As f (x 1 , . . . , x n ) = f (x 1 , . . . , x n , 0), there exists a unique element f (x) ∈ Λ with f (x 1 , . . . , x n ) = f (x 1 , . . . , x n , 0, 0, . . . ). In other words, we have
From the expansion (7), we have:
We will use the following lemma in the next section.
Lemma 3.4. 
, which is not contained in Λ.
3.4.
Another expression for G λ (x). We also consider another useful expression of the stable Grothendieck polynomials. For a Young diagram λ = (λ 1 ≥ · · · ≥ λ ℓ > 0), we define
The symmetric functions G r λ (x) and G λ (x) are similar but different. Assume r ≥ ℓ. Then, from Lemma 3.4, we have (6) and (8), in the complete topological space Λ, we obtain
In other words, we have:
3.5. Another determinant formula for G λ (x). We often write G n (x) = G (n) (x) where (n) is the one-row Young diagram.
Proposition 3.7. We have
From the proof of Proposition 3.7, we have the commutative relation
that is a generating function of G λ (x).
Proposition 3.8. We have
we have Ψ(z 1 , . . . , z r ) = det (1 + βz
on the both sides, we obtain the desired formula.
Since | − r = ψ −r−1 | − r − 1 = ψ −r−1 e −θ | − r − 1 , the definition of g λ (x) does not depend on the choice of r ≥ ℓ.
4.2.
Proof of the duality. Let k = C(β). The Hall inner product ·, · : Λ×Λ → k is the non-degenerate k-bilinear form which satisfies s λ (x), s µ (x) = δ λ,µ . It can be naturally extended to the bilinear form Λ × Λ → k which is continuous with respect to the topology of Λ. Let X = ψ n1 . . . ψ nr and Y = ψ m1 . . . ψ ms . If
H(x) X| − r and g(x) = 0|e
Proposition 4.1. We have
To prove Proposition 4.1, it suffices to prove
For this, we need the following lemmas.
Proof. As e −θ ψ n e θ = ψ n −βψ n−1 +β 2 ψ n−2 −· · · , the vector ψ n1 e −θ · · · ψ ns e −θ |−s is a linear combination of vectors of the form 
be a generating function of g λ (x). We put
, where the coefficient of z We define a new linear operator u i : X → X, (i > 0) which we will call a β-twisted Schur operator. For any sequence n = (n 1 , . . . , n ℓ ), we let n denote the smallest Young diagram which contains n. In other words, we define n := (n 1 , . . . , n ℓ ),
We set e i = (0, . . . , 1, . . . , 0).
Definition 5.1. Let u i : X → X be the linear operator which acts on a Young diagram λ by:
Lemma 5.2. We have
Proof. They are directly checked by seeing their actions on the basis.
Eq. (11) 
Since (λ + e i ) + e j = λ + e i + e j for i < j, it follows that
5.2. Non-commutative Schur polynomials. Let T be a semi-standard tableau, or a tableau [3] . The column word w T of T is the sequence of numbers which is obtained by reading the entries of T from bottom to top in each column, starting in the left column and moving to the right. For example, for T = 1 3 4 4 2 5 3
, we have w T = 3215344. We define the monomial u T as Proof. See [1] .
Let U n be the Q[β]-subalgebra of End Q[β] (X) generated by all s λ (u 1 , . . . , u n ). Then the commutative Q[β]-algebra U n is generated by all non-commutative elementary symmetric polynomials e i (u 1 , . . . , u n ) = s (1 n ) (u 1 , . . . , u n ):
[e i (u 1 , . . . , u n ) | i = 0, 1, . . . , n].
(Here (1 n ) is the one-column diagram ( n 1, . . . , 1).) Moreover, there exists the JacobiTrudi formula s λ (u 1 , . . . , u n ) = det(e λi−i+j (u 1 , . . . , u n )) 1≤i,j≤r for ℓ(λ) ≤ n ≤ r. The following lemma provides the fundamental information about the action of the non-commutative Schur polynomials on Λ.
we have E(t) = g ∅ + g t + (βg + g )t 2 + (β 2 g + 2βg + g )t 3 + · · · , E(t)g = g + (βg + g + g )t + (β 2 g + 2βg + g + βg + g )t 2 + · · · . It follows that H(t) = g ∅ + g t + g t 2 + g t 3 + · · · , H(t)g = g + (βg + g )t + (βg + g + g )t 2 + · · · ,
